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A Note on Baroclinic Instability of the Zonal Wind to Short Waves!

H. E. HupprerT anD J. W. MILES

Institute of Geophysics and Planetary Physics, University of Californie, La Jolla
27 September 1965

The mathematical description of baroclinic insta-
bility of the zonal wind yields the singular Sturm-
Liouville system (Miles, 1964a)

(PY) +NU—c)Y—ay=0, )
(U= — (U ~kep=0 at z=0, (2)
Pyy'=0 at z=1, 3)

for the potential ¥/(z) ; P(z), U(2), and A(z) are prescribed
functions of the independent variable z; a and « are
prescribed, positive-real parameters; and the admissible
values of the dimensionless wave speed ¢ are to be deter-
mined (complex ¢ implies instability). We consider
here the asymptotic behavior of ¢ as a—. Our
results do not differ significantly from those given
previously by Green (1960) without derivation and by
Miles (1964a) on the basis of a heuristic derivation,
but our analysis places these results on a reasonably
firm mathematical foundation.

We assume (as is physically justifiable) that: P(z)
is analytic in a domain D, to be defined below, with

PO)=1, P(z)~Pi(1—3)?® as z—1, (4a)b)

where Py is a constant; U(z) is monotonic increasing
over z=[0,17], and U—c¢ is analytic in D, with a simple
zero at 2, [U(z;)=c]; and A is given by

A=B—(PU"Y, )

where 8 is a positive-real constant. Remarking that the
exponents of (1) at the singularity z=1 are 2=k, where

k= {P[®*—B(U1—c) 1 J+1}%, ®E)>0, (6)

1 This research has been partially supported by the Office of
Naval Research under Contract Nonr-4266(00) and represents
part of the work submitted by one of us (H. E. H.) to the Aus-
tralian National University for the degree of Master of Science.

and the subscript 1 implies evaluation at z=1, we define
new variables ¢ and w by

o (w)=w*PY, 0]

and

w(z)=exP<—P1% / ZP—%dz). ®)

(]

Substituting (7) and (8) into (1), we obtain

we'' (w)+ (2k+1)¢’ (w)+ (1—w)g(w)¢(w)=0, (9)
where

@)= (1—w){t+ P NU—)"—B(Ur—)7']
—}PIPO(PPYY. (10)
We note that ¢(0) is finite.

The form of (9) suggests the use of the hypergeo-
metric differential equation as a comparison_equation
for the determination of ¢. Accordingly, we define the
function G(w) by

¢=F(w)G(w), F=,F1(ab;a+b+1;w), (11a,b)
where
a, b=kt (F*+v)}, »=g(1)=Pi(A,/U.), (12a,b)

and the w-plane is cut along the real axis, from 1 to «.
Substituting (11) into (9) and invoking (3), (4) and
(8), we find that G satisfies the integral equation

Gw)=1+ / ’ v 2E-1F—2(3)dy / ’ (u—1)"1

X[q)—q(1) 1w F* ()G (w)du.  (13)

We now define D as the smallest domain in the z-plane
such that | (w—1)"[g(w)—¢(1)]| is uniformly bounded
in a region R of the w-plane that includes the segment
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[0,%0], where w(0)=1wo, and the point w=1. Invoking
standard results for the hypergeometric function in
(13), we can prove that

G(w)=140(k) (14)

uniformly in R, provided that wo is bounded uniformly
with respect to k. We shall consider wy—o, which
implies z, — 1, separately.

Substituting the eigen solution Y=w*P~FG into
the boundary condition (2), we find that
(UOI—KC)/(C*— Uo) = kPl’}-f-%P'(O)-l—wOPl%

X{[F' (wo)/F (wo) J—[G' (wo)/G(we) J}.  (15)
If wp is bounded uniformly with respect to %, (15) can
be satisfied only if

| Uo—c| =0(&). (16)

Assuming that ¢=¢,+ic; may be expressed as a power
series in inverse powers of £ and equating like powers of
k in (15), we obtain

¢=Ust (Us — kU kP4 4-0(k2),
Ci=— (Uol—KUo) l k‘*zPl 4
Xlim {TmwoF” (wo)/ F (wa) 1} +-0([ 2| 7).  (18)

an

Comparing (17) with the Taylor series about z=0 for
U(z), evaluated at z,, we can obtain the asymptotic
expansion of z, with respect to k. Calculating wo from
this expansion and invoking standard relationships for
the hypergeometric function in (18), we obtain

C;i= W)\oa_Z[l—K(Uo/ Uo')] exp{ -_ 2[1—K(U0/U0I)]}
+0(™®), (19)
and

c=Upt (Ud —xUop)a40(a™?). (20)
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We note that (19) and (20), after neglecting U, with
respect to Uy, are identical with the results obtained
heuristically by Miles [1964a, (13.11) and (13.14Db))
after continuing a Green-Liouville solution through a
singularity of exponents zero and one.

It remains to discuss the solution as z, — 1. A rigorous
analysis in this case would appear to be extremely dif-
ficult. The difficulty lies primarily in the fact that (1)
describes a differential equation that has only regular
singularities in D if z, is bounded away from 1, but has
an irregular singularity at z=1 in the limit z,— 1.
We also remark that %, as defined in (6), is not neces-
sarily of order o, and that the transformation (8) is not
applicable, for z,— 1.

Letting P(z)=(1—2)?, we consider approximating
(1) by

LA—2T+LB/UY)(z~—2) "' —a? =0, (21)

which can be transformed to the hypergeometric
equation. Miles (1964b) has solved an equation equiva-
lent to (21) with the boundary conditions (2) and (3)
and demonstrated that there is one, and only one,
eigenvalue and that this eigenvalue is complex. We
therefore are led to conjecture that the one (complex)
eigenvalue already found for the general problem is the
only possible eigenvalue and that no further eigenvalue
exists in the region z,— 1. Unfortunately, we have not
been able to demonstrate that the error implied by the
approximation of (1) by (21) is uniformly small.
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