J. Fluid Mech. (1973), vol. 57, part 2, pp. 361-368 361
Printed in Great Britain

On Howard’s technique for perturbing neutral solutions
of the Taylor-Goldstein equation

By HERBERT E. HUPPERT

Department of Applied Mathematics and Theoretical Physics,
Cambridge University

(Received 14 December 1971)

Howard’s technique for examining the stability characteristics of a two-
dimensional, inviscid, heterogeneous shear flow in the vicinity of a neutral
curve is considered. Examples are presented for which erroneous conclusions
would be obtained by a direct interpretation of the results of this technique.
Examples for which instability would be deduced for a stable region; an example
for which stability would be deduced for an unstable region; and an example for
which the technique breaks down altogether are discussed.

The last example is plane Couette flow between two rigid walls, which is
shown to be destabilized by the addition of stable stratification. This example
thus proves that the existence of a relative extremum in the basic vorticity profile
is not a necessary condition for the instability of an inviscid, heterogeneous shear
flow.

1. Introduction

The theoretical investigation of the stability of a parallel, two-dimensional,
inviscid, heterogeneous shear flow to infinitesimal disturbances requires the
solution of the Taylor—Goldstein equation
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Here the disturbance is considered to have a stream function ¢(y) e?“=— in a basic
flow U(y) with buoyancy frequency N(y) and (representative) Richardson
number J. All variables in (1.1) have been non-dimensionalized with respect to
an intrinsic length scale L and velocity scale V, and the Boussinesq approxima-
tion has been moede. The specification of zero normal velocity at the
boundaries, ¥ = y, and y, say, requires further

=0 (y=y,Ys) (1.2a,b)

Equaticns (1.1) and (1.2) constitute an eigenvalue problem, which is usually
stated in the following form. Givenreal, non-negative values of . and J, determine
the eigensolutions ¢(y) and ¢ = ¢, +ic;, if such solutions exist. Curves in the a, J
plane along which ¢;=0 are called neutral curves, and for any point on these
the disturbance neither grows nor decays. For each value of a and J, if there
exists a solution (¢, ¢) there is a corresponding solution (¢*, c*). However, only
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the solutions with ¢; > 0 are appropriate, because only these solutions represent
the limit of solutions of the viscous equations as the viscosity tends to zero.
Alternatively, it is only solutions with ¢; > 0 which are approached by solutions
of an inviscid initial-value problem. Thus, a point {e, J) is unstable if there exists
asolution with ¢; > 0 and stable if either there exists asolution withc, = 0 orthere
is no solution at all.

A large majority of the analytically known solutions of the Taylor—Goldstein
equation are valid only on neutral curves. This is because frequently along such
a curve ¢ is constant, offen zero. The determination of whether a particular
neutral curve has contiguous unstable modes or is an isolated neutral curve
requires additional investigation. Miles (1963) carried out such an investigation
by examining the solution just off the neutral curve. This required a fairly de-
tailed perturbation expansion of (1.1) by a method not applicable to all profiles
of U(y) and N(y).T However, stimulated by this work, Howard (1963) developed
simple, general formulae for calculating the values of dc/oa and dc/oJ along a
neutral curve. By examining the sign of the imaginary parts of these expressions,
one was to determine the characteristics of the solution on either side of the
neutral curve. These formulae, once understood, are very easy to use and have
assisted many an investigation.

The purpose of this note is to present examples for which the straightforward
interpretation of the results of applying Howard’s technique leads to erroneous
conclusions. We present examples for which instability would be deduced for
a stable region and, conversely, an example for which stability would be deduced
for an unstable region. We also present an example for which the procedure breaks
down completely. The explanation for each of these occurrences is different and
is discussed in detail.

Although we present only four examples in detail, it is easy to construct
many other examples for which application of Howard’s technique leads to
erroneous conclusions of one of the above types.

Before examining the particular examples, let us consider the essentials of
Howard’s technique. Multiplying (1.1) by ¢, integrating the result between y,
and y, and rearranging, we obtain

f P INHU =)= U'(U =) 4] 2 — 3 dy
) — N
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Now, for fized a, J and ¢, I is stationary with respect to first-order variations
in ¢ about a solution of (1.1), provided that the variations vanish at y = y,,¥,.
Thus, using the chain rule to differentiate (1.36) with respect to «, we obtain

Head) Zaf il (1.4)
O f P 2INPU — )3 — U"(U — )] g2 dy

I(e, ¢

= a2 (1.3a,b)

T It was essential, for example, for U(y) to be monotonic.
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Using a subscript s to denote evaluation on a neutral curve, we could, in principle,
take the limit & - a,, ¢ -> ¢;4+¢0+ in (1.4) to obtain a formula for dc/da along
the curve. In practice, however, the singularities which are generally present in ¢
(Miles 1961) would make evaluation of the integrals awkward. This is avoided
by introducing the smooth function H, related to ¢ by H = (U —¢)*1¢, where
n is one of the values satisfying n(1—n) U? = JN? at y = y, with U(y,) = C.
{Only one of the two sclutions will make H smooth.) Equation (1.4) then becomes

Ys
2 — \2—2n
(80) ‘ 2czf H2U —c)*2ndy
—} = lim -
ox s c—>cs+i0+f 2[2JN2(U
Yo

: (1.5)
—cy 1 =U"J(U —c)y 2 H2dy

If the neufral curve is one along which ¢ is a constant, then it is described
by J = J(«), and appropriate differentiation leads to

(%) B —Ji; (Z—;) (1.6)

Equations (1.5) and (1.6) are the two Howard formulae.

2. The specific examples

2.1. Examples for which the technique implies instability of a stable region
The profiles U=siny, N?=1, (2.1a,b)

with —Yy =Y =T (2.2a,b)
upon substitution in (1.1) and (1.2) yield the neutral eigensolution
c=0, ¢= (sing)l— (2.3a,b)
J=Ja)=(1—-a?)i—1+a2 (0<a<1). (2.3¢)
Applying Howard’s technique, with n = 1 — (1 —a?*)? and H = 1, we obtain

de _ Zacot (mB)B(f+3,3)

te = (1-P)(1+ 20 BB (2.44)
dc _ nfcot(mf)B(f+3,3%)
and Fy A A (i—4B(A1) (2.40)
where B = (1—a2)b. (2.5)

The interpretation of (2.4) seems clear: for values of J slightly less than J;(x)
the Taylor-Goldstein equation has an unstable solution. Numerical investigation
(Hazel 1972) shows this to be false. There is an unstable mode contiguous to
J = Jy(a) only for 0 < a < },/3; the portion 33 < « < 1 is an isclated neutral
curve. There is another neutral eigensolution (Thorpe 1969)

¢=0, ¢=(coshyd—T*(sindg¥*d-r, a=3/3 (0<JI <} (26a,b,0)
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and Hazel shows that only the region
O<a<iys3, 0<J<Jj(a)

bounded by the two neutral curves is unstable. Howard’s technique applied
along a = /3 with n = % + (1 —J)¥ and H = (cos }y)£2¢-* yields

dcfo = T2x 3hi(L—J)b. 2.7)
The upper sign implies instability for & < 44/3, in agreement with the numerical

results. The lower signh would seem to imply that contiguous to the neutral
eigensolution

¢=0, ¢ = (coshyt-4-7¥(sinfyd*, a=1J3 (0<J<}) (2.6,b,0)
there is an unstable mode for o > /3. This is false. The solution (2.6’) represents
an isolated neutral eigensolution, and we note that the eigenfunction does not

approach
¢=cosly as J >0, (2.8)

which is the neutral eigenfunction in the homogeneous (J = 0) situation.
An exactly analogous situation occurs for the profiles
U =siny, N?=cos?y, (2.9a,b)
with —Yy =Yy =T. (2.10)
There is a neutral eigensolution (Thorpe 1969)
c=0, ¢=(siny)l=*, J=dya)=0a}l-a% (0<a<1), (2.11a,b,c)
for which Howard’s technique, on taking n = «? H = 1, yields
oc. _ 2i cot (ma?) B(3 —a?,1)
da aB(l—a?, 1

dc _ —tcot(ma?) B(3 —a? })
and oJ  a?(1-202)B(l—a% 1)’ (2.12b)

(2.12a)

Not all values of J slightly less than J,(«) are unstable, as would be inferred
from (2.12), only those for which 0 < & < %,/2. There is another neutral eigen-
solution

¢=0, ¢ = /(cosly)xd=*(sin Ly)¥Fd-1t (2.13a,b)

J=Jye) =3-a (3/f2<a<

[

J3) (2.13¢)
and only the region

0 < J < min [Jy(a),Jy(x)] (0<a < $/3)

is unstable (Hazel 1972). And, as before, it is only the upper-signed solution of
(2.13) which is the limit of contiguous unstable eigensolutions.

At first sight, these examples might seem to contradict Miles’s (1963) theorem
(viii): ““the existence of a neutral curve in an («, J)-plane implies the existence of
contiguous, complex eigenvalues” with the added footnote: ““Theorem (viii)
does not guarantee the existence of unstable eigenvalues, although their existence



Stability characteristics near a neutral curve 365

is implied by the development. ..below”, i.e. the complex eigenvalue ¢ of the
theorem has non-zero imaginary part. However, this theorem was proved ouly
for monotonic velocity profiles, essentially because the proof required the value
of ¢ along the neutral curve to be different from the value that U(y) takes at
either of the boundaries. If the velocity profile is not monotonie, then, as
numerical investigation of the above examples show, the existence of a neutral
curve does not necessarily imply the existence of contiguous eigensolutions. Now,
if there are no contiguous eigensolutions, then the manipulations involved in
arriving at the Howard formulae are meaningless; there are just no solutions
adjacent to the neutral curve for which first variations can be considered, to
yield (1.4), and dc/dx and 2c/dJ have no significance. In such situations, the
right-hand sides of (1.5) and (1.6) [(2.4), the lower-signed solution of (2.7) and
(2.12) in our examples] merely represent numbers obtained by a formal evalua-
tion of integrals having no foundation.

2.2. An example for which the technique tmplies stability
of an unstable region

Thorpe (1969) in a footnote comments upon the profiles
U =sech?y, N2 =sechly (2.14a,b)
with —Y; =Yg = 0. (2.15)
He remarks that *‘[there exist] the (degenerate) neutral eigensolutions
[c = 0], ¢ =tanhysechy, J = 3+a? (2.16a,b,¢)
and [c=0], ¢ =sech?y, J =« (2.17a,b,¢)

These do not appear to be stability boundaries . Indeed not. Applying Howard’s
technique to the neutral solutions (2.16) and (2.17), with n = 1 and H = ¢, we
obtain

== =0 (J=3+a?) (2.180, b)

oc 2o oc 1

— T e— — I e e— = 2
and % =37 3] 57 (J = a?). (2.19a,b)

Equations (2.16) and (2.17) would seem to indicate that ¢ does not become
complex just off the neutral curves. Further, ¢ = 0, the value of U(+ c0), and
the examples of §2.1 might lead one to conclude that both (2.16) and (2.17)
represent isolated neutral curves.

However, there are two further neutral eigensolutions:

¢ = 2(a?+1){a2+3a¢+2), ¢ = (sechty—c)i-Dsech*ytanhy, (2.20a,b)
J=oa(a?—40+3)(a+2)1 (0<ax<l) (2.20¢)

and c=2(a—1)(a+1)"!, ¢ = (sech?y—c)l-$2sechry, (2.21a,b)
J = o0t —ba+6)(a+1)! (1 <a<?2), (2.21¢)
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Fraure 1. The stability boundary (solid line) and some neutral curves (broken or solid lines)
for U(y) = sech?y, N%(y) = sechty, —0 <y < .

as can be verified by direct substitution. Numerical investigation shows that
the stability boundary (the curve enclosing the region of instability) is made up
of: (2.21); part of (2.20); and part of (2.17) [and none of (2.16)]. This is depicted
in figure 1, from which it is clear that the neutral curve (2.17¢) has contiguous
unstable modes only along that part for which 0 < & < 1.

2.3. An example for which the technique breaks down completely

We discuss here an example for which the evaluation of the integrals in (1.5)
leads to dc/da = co.

Consider the profiles
U=y, N?=y? (2.22a,b)
with —yy =Yy =T, (2.23)
which lead to the eigenvalue problemt

"+ [y —c) P —a?]p =0, (2.24)
p=0 (y==Lm). {2.25a,b)

There are two infinite families of neutral eigensolutions given by
=0, p=cos(n—3%)y, J=m—32+a? (2.26a,b,¢)
and e=0, ¢=sinmy, J=m>+a (2.27a,b,¢)
where m,n=1,2,.... (2.28)

1 The profiles have been considered previously, in a different context, by Hgiland &
Riis (1968). They constrained attention to small values of ¢ and thus the culmination of our
stability calculation, figure 2, does not appear in their work.
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Applying Howard’s technique, with n = 1 and H = ¢, we obtain

(aC/aOﬂ)J=(n_%)2+az = — o1 (229)
and (0¢]00L) 5 2z = OO. (2.30)

Equation (2.30) is obviously unsatisfactory, reflecting the fact, as will be shown
below, that ¢ = 0 as & = a,, = (J —m?2)? less rapidly than a—o,,.

The explicit behaviour of the eigenvalue ¢ in the neighbourhood of the neutral
curve (2.27¢) can be obtained by expressing the solution of (2.24) in terms of
two confluent hypergeometric functions:

6 = e (y— o (AD[p, g,y — )]+ BEID, ¢y —0)f},  (2.31)

where p=%+E~JeA)i—cJ(a2~J)}, (2.32a)
g=1+(1—4Jc2), (2.32b)

and r=2(a?-J) (2.32¢)

The eigenvalue relationship is thus
Olr(m— )] Y[ —r(m+¢)] = O[—r(m+ )] ¥r(m —o)], (2.33)

where the two arguments p and g have been suppressed. Expanding (2.33) about
(2.26¢) and using the definition of &,, = [J — (r — 1)?]%, we obtain

¢~ — it ad) (x> ) (2.34)

1 1
0-5 10 15 2:0 2:5 30

Fiqure 2. The stability characteristics for U(y) =y, N2(y) = 4% —7 <y < 7. The un-
shaded regions are stable, the lightly shaded regions are unstable with ¢, = 0 and the darkly
shaded regions are unstable with ¢, + 0.
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in agreement with (2.29), while expanding about (2.27¢), we obtainf

1
c~ [&]_m Si (2mar) — sz cos 2mart log? (L) dt
m 0 11—t

2 :
—%Cin@mﬂ)Si(Zmﬂ)] (a2—a2)t (a—>ca,), (2.35)

where the cosine and sine integrals are respectively defined by

Cin () =f.1:f_°“dt, Si (@) =fx81?tdt. (2.36a, b)
0 0

Numerical sclution of (2.33) yields figure 2.

This flow is an interesting example of an inviscid velocity profile which is
destabilized by the addition of a stable stratification, being unstable only if the
Richardson number is larger than 1. It also represents a counter example to the
oft-made conjectural extension of Rayleigh’s flex-point theorem, that, even for
a heterogeneous shear flow, a necessary condition for instability is that U’ (y)
must change sign somewhere in the flow field. This is now clearly not correct.

3. Conclusion

We conclude that, although Howard’s technique for investigating the stability
characteristics in the neighbourhood of a neutral curve is often very effective,
it should be used with caution. Examples exist for which erroneous conclusions
would be obtained by a direct interpretation of the results of the technique.
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