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We analyse the melting and/or freezing that can occur when a very large layer of hot
fluid begins to flow turbulently over a cold solid retaining boundary. This is a form
of Stefan problem and the response is determined by the balance between the
turbulent heat flux from the fluid, H, and the (initially infinite) conductive flux into
the solid. We show that solidification of the flow at the bonndary must always occur
initially, unless the freezing temperature of the fluid, T}, is less than the initially
uniform temperature, T, of the semi-infinite solid. We determine the evolution of the
solidified region and show that with time it will be totally remelted. Melting and
ablation of the solid retaining boundary will then generally follow, unless its melting
temperature exceeds that of the turbulent flow. The maximum thickness of the
solidified crust is shown to scale with k*(T,—7T,)2/pcHL and its evolution takes place
on a timescale of k*(T; —7T,)?/xH?, where k is the thermal conductivity, « the thermal
diffusivity, p the density and L the latent heat, with all these material properties
assumed to be equal for fluid and solid.

1. Introduction

On many a cold winter’s morning hot water is thrown out over hard snow and ice.
The aim is for the thermal energy in the hot water to melt some (if not all) of the ice
and snow. Alternatively, however, the hot water may freeze without melting the ice.
What are the conditions that distinguish the freezing of hot fluid from the melting
of cold solid ?

Another motivation for this paper arises from the study of the flow of hot
turbulent lava over relatively cold solid ground. This occurred frequently during the
Archaen age from 4.0 to 2.5 x 10° years ago. At that time, some erupted lavas were
as much as 400 °C hotter than those of today. Their magnesium oxide content was
also considerably greater than that of present-day lavas. Owing to these two facts,
the viscosity of Archaen lavas (c. 1 cm?s™!) was considerably less than that of
modern lavas (> 100 cm? s™!). Huppert ef al. {1984) demonstrated that because of
this relatively low viscosity, Archaen lava flows would have been turbulent (in
contrast to the generally laminar lava flows of today). They argued that the hot
turbulent flows would have been able to transfer their heat to the ground sufficiently
rapidly to melt the base rock over which they flowed and form thermal erosion
channels. Huppert et al. (1984) and Huppert & Sparks (1985) (reviewed in Huppert
1986) calculated the rate of melting of the bed rock using a quasi steady-state model,
which they argued would be valid some time after the initiation of the flow. There
was some debate about their approach, with a number of geoscientists suggesting
that the lava flow might continuously solidify from its base and not melt the bed rock
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at all (see, for example, Claoué-Long & Nesbitt 1985). An aim of this paper is to
provide a quantitative evaluation of this suggestion; and to show it to be incorrect
when applied to a thick turbulent lava flow.

The paper achieves considerably more than this aim, however, by investigating
the phase changes that can occur in a situation that is a variant of the familiar
Stefan problem in quite some generality.

We assume that a turbulent flow is initiated over a cold solid and that the
downward heat transfer is a given function of the difference in temperatures in the
main body of the turbulent fluid and at the fluid/solid interface. For simplicity, we
shall assume that the turbulent flow is very thick and thus maintains its temperature
as it flows over the ground. The basic ideas could be incorporated into a time-
dependent model which allowed the turbulent flow to change gradually, but this goes
beyond the aim of the present calculations. For our purposes, it suffices that the
change in thickness of the flow due to any solidification or melting be small. The
assumption that the forward velocity of the turbulent flow along the ground greatly
 exceeds that of the thermal diffusion front indicates that only the vertical
propagation of heat needs to be considered. We also assume that the heat flux from
the turbulent flow responds instantaneously to the temperature at its boundary. This
requires that the timescale of the turbulent flow and its adjustment be much less
than the timescale of the solidification and/or melting, as calculated below.

The situation is then completely specified by the functional dependence of the heat
flux from the turbulent flow to the solid, its latent heat and thermal diffusivity
(which are assumed to be equal to those of the fluid) and four temperatures: that of
the main body of the turbulent fluid, say 7, ; the initial temperature of the solid, say
T,; the freezing temperature of the fluid, say 7}, which by hypothesis is less than
T ; and the melting temperature of the solid, say T, which by hypothesis exceeds
T,. The simplest case to analyse, which illustrates the most important of the new
effects, occurs when the temperatures of melting and freezing are identical; that is
when (T, <)7T,, =T;(< T,). We concentrate on this case in §2. In §§3 and 4 we
evaluate the response for 7; < T, and in §5 that when T} > 7.

While there are four temperatures which need to be specified, only the differences
between three of these temperatures and the fourth are relevant. From these three
temperature differences, two non-dimensional quantities which describe the system
can be obtained. We find it convenient to define these as

=Too_Tm ,3=T°°_Tm
Tm_TO , Too_T! ’

where o and § must be of the same sign because T; < T, and T, <7T,,. These
inequalities also restrict @ and g further, and only a minor part of the («, £)-plane need
be investigated.

The main result, which is highlighted in §2 and sketched in figure 1, is that the
turbulent flow must initially freeze against the cold solid boundary and form what
is called by geologists a chilled margin. With time the chill in the situation considered
here must melt back and melting of the original solid can follow. Except when
T; <T,, the initial formation and subsequent melting of the chill always occurs.
The underlying solid will then melt unless 7, < 7},,. Additional effects can also occur,
such as the elapse of some time between the melting back of the chilled margin
and commencement of melting of the original solid, or the initiation of melting of
the original solid before the chill has totally melted. These situations arise and
are analysed in §§4 and 5.

o

(1.1a,b)
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Ficure 1. A sketch, with considerable vertical exaggeration, of the flow configuration and
temperature profiles. The hot turbulent current, designated as 72 , moves forward with speed U
to initiate the heat transfer to the ground and promote freezing or melting, designated by and
respectively. We assume that the horizontal lengthscale of change, I, greatly exceeds the
vertical scale, /,, and so horizontal diffusion of the temperature profile can be neglected. The
response at any fixed horizontal coordinate is then a function only of the vertical coordinate x and
time ¢, defined as shown. The displayed temperatures Ty, T,,, T, and T, are defined in the text.

Mathematically, the problem under consideration is a variant of the classical
Stefan problem, which has a long history (see, for example, Hill 1987 and Tarzia
1988). The situation analysed here is dominated by the initial discontinuity in
temperature at the solid boundary and the subsequent non-monotonic response of
the boundary. The formation of a chill means that the region occupied by solid, in
which the heat conduction equation needs be solved, increases with time. The
incorporation of this new region through the boundary and its subsequent expulsion,
can give rise to certain analytical difficulties, as discussed in Appendix C. To my
knowledge such a situation has only arisen once previously, in the quite different
problem analysed by Crowley & Ockendon (1977). Geologically, the melting back of
a chilled margin is a new idea, and to my knowledge has only appeared before in the
work of my research student P. M. Bruce (1989), who has analysed the continuing
laminar flow up a vertical, smooth-walled dyke. He showed that the flow first freezes,
to form a chill against the wall, but that the thermal energy continually supplied by
the flow could, under criteria he calculated, melt back the chill. The timescale in this
laminar situation is very much longer than that calculated for the present turbulent
flow.

2. Equal melting and freezing temperatures

We commence this section with a physical description of the response, which will
help to explain the subsequent mathematical development. Initially, the temperature
in the turbulent fluid is uniformly 7T, and that in the solid 7,, with T}, = 7; lying
between these, as sketched in figure 2. Instantaneously, the temperature profile must
become continuous across the solid/fluid interface. Denote the temperature at the
(moving) interface by 7;. The turbulent flow adjusts on a very short timescale
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FicUurE 2. A sketch of the distribution of temperatures with 7, <7, =T, < T,..

(infinitesimally short by our already stated assumptions) to have a thin thermal
boundary layer at the base of which there is a heat flux

H = f(T,,~T,). (2.1)

where f is some continuous, positive function of its positive argument. At ¢t = 0+ the
interfacial temperature 7} cannot exceed 7; because this would imply that part of the
solid had melted instantaneously. Similarly, 7} cannot be less than 7; because this
would imply that the base of the turbulent flow had solidified instantaneously. Thus
T, = T; initially. As the boundary between fluid and solid evolves, 7} will continue to
equal 7;.

The finite heat flux into the interface, H, occurs simultaneously with a large
(initially infinitely large) conductive heat flux in the solid away from the interface,
say F. The fluxes H and F can only be balanced by the latent-heat release provided
by solidification of the base of the turbulent flow. We thus argue that solidification
of the fluid must be the first response (initially at an infinite rate). As time proceeds,
however, F' decreases monotonically as the conductive temperature profile relaxes.
There will thus come a time when H first exceeds ¥ and subsequently melting at the
interface occurs. The previously solidified layer will melt first, followed by the semi-
infinite, solid half-space.

We now present the quantitative analysis. Consider the fixed flux H to be incident
on the fluid/solid interface at x = a(t), where x is the coordinate axis with x >0
specifying the original solid half-space. Denote by T'(x, t) the conductive temperature
profile in the solid. The governing equations then are

T, = kT, (2> alt)), (2.2

T=T, pLi=H+W, (z=a(t), (2.3a, b)
T->T, (x— o), (2.4)

T=T, (t=0, x>0), (2.5)

where p and L are the density and latent heat, which for simplicity we shall assume
identical for both the fluid and the solid, « is the thermal diffusivity and k is the
thermal conductivity.

It is convenient to introduce non-dimensional variables into (2.2)-(2.5) by
writing

T=T,+(T:—1T,8, (2.6a)
x = k(T,—Ty) £/H, (2.6b)
t =T, —T,)°r/kH? (2.6¢)

and a=kT1;—T,)n/H. (2.6d)
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The system can then be described in terms of one parameter, the Stefan number

8 = L{[«(T}—Ty)], (2.7)
where c is the specific heat of both fluid and solid, as
6, = %egg (£ > 7(7)), (2.8)
0=1, 48y =1+6, (£=9(7), (2.9a, b)
0—-0 (§—0), (2.10)
0=0 (=0, £>0). (2.11)

Physically, the Stefan number represents the ratio of the latent heat of melting to the
heat needed to raise the solid from its initial temperature to its melting temperature.

The system (2.8)—(2.11) is nonlinear only through the application of (2.9) at the
unknown, moving boundary #(7). It is instructive to evaluate the solution of the
derived linear problem that is obtained by applying (2.9) at £ = 0 and determining
7 from (2.95). This procedure leads directly to

0(£,7) = erfe (£17%) (2.12)
and (1) = [%7'— (%)E] St (2.13)

Equation (2.13) confirms, as argued physically above, that #(7) is initially negative,
attains a minimum, and thereafter increases steadily. The minimum value of 3 is

—(n8)™! and occurs at 7 = 4n~!. In dimensional terms, the minimum, say a,,,, and
the time, say f,;,, at which this oceurs are given by
— k2 _T 2 2 T —_ 2
S ! P ' i (2.14a, b)

Apin = o=
min mpkHL ™" nxH?

The solutions (2.12) and (2.13) could not be expected to be valid for 7> 1, or
alternatively for ¢ > ¢, but should provide reasonable approximations for ¢ of order
tmin OF less, if a; is sufficiently small. Expressed differently, the solutions represent
useful approximations for 7 < 7,(8), for some 7, which is an increasing function of
8. In particular, we shall show below that (2.13) is a good approximation for all 7 in
the limit of large 8. On a point of analysis, it might be of interest to note that the
solutions for large § in finite domains are easily obtained by neglecting 7, to lowest
order in (2.2) (see, for example Hill 1987, Chapter 2). It is not possible to apply this
approach immediately in the semi-infinite domain considered here.

The complete solution to (2.8)—(2.11) can be obtained numerically in a
straightforward way after introducing the moving coordinate axis (Landau 1950)

z=E—n(7), (2.15)

which moves the (unknown) position of the boundary to z = 0. In terms of z the
equations become

0, =79(1)6,+10.. (2> 0), (2.16)
=1, 48 =1+6, (z=0), (2.17a, b)
-0 (2> c0), (2.18)

6=0 (r=0, 2>0), (2.19)
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Fiaure 3. The non-dimensional position of the moving interface, 3, as a function of the non-
dimensional time, 7, for § = 0.01, 0.1, 1 and 10 and 7,, = T}. The point r = 4/x, where % attains a
minimum in the limit of large 8, is marked.

which can be solved by an explicit finite-difference scheme, as described by Landau
(1950). In order to initiate the numerical solution, a series representation in powers
of 7t was developed. In the limit § — co the first terms in the expansion are of course
given by (2.12) and (2.13). Note that # initially has a square-root singularity which
balances the initially infinite value of 6, in (2.954). The determination of the complete
expansion, its convergence and some other properties are discussed in Appendix A,
followed by a discussion of the numerical scheme and its convergence in Appendix B.

Figure 3 presents graphs of 5(7) for four values of S. Only for § = 10 is (2.13) at
all a good approximation. The values of the minimum of 4, say #,,;,, and the value
of 7 at which this is attained, say 7., are plotted in figure 4, which also includes the
results obtained by the linearized procedure described above. Figure 5 presents the
(non-zero) value of 7 at which # = 0, say 7,, and also 7,,;, for comparison.

A 7-independent solution of (2.16)—(2.19) can be obtained by suppressing 6, in
(2.16) and setting % to a constant, say V. Then the solution of (2.16), (2.17a) and
(2.18) is

0(z) = exp (—4Vz), (2.20)
which satisfies (2.175) if
1
V_4(1+S)' (2.21)

The steady-state solution (2.20) and (2.21) of course do not satisfy the initial
condition (2.19). It is argued in Appendix C that (2.20) and (2.21} represent the
solution for large 7 no matter what the initial condition. This steady-state solution

is the one used in the previous papers on Archaen lava flows which were referred to
in the Introduction.
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Freure 4. The largest value of the non-dimensional chill thickness, —7,,,,, and the non-dimensional
time at which this is attained, 7, , as functions of the Stefan number S for T, = 7). The dashed
curves correspond to 7, = —(nS)"and 7,,, = 417!, which are the results obtained by applying the
boundary conditions of fixed temperature and conservation of heat at £ = 0 rather than at the
moving interface £ = 7.
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Ficure 5. The non-dimensional time taken for the chilled margin to melt totally, 7,, as a function
of the Stefan number S for T}, = 7,. The value of 7, from figure 3 is redrawn for comparison
purposes. The limits as § - oo of 16n~* and 4n~* for 7, and 7, respectively, are indicated on the
ordinate.
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3. Freezing temperature less than initial temperature of solid

In this case, for which 7} < Tj(< 7},), and which is sketched in figure 6(a, b), the
fluid can never freeze. The temperature at the interface, 7}, at t = 0+ must be 7;. Any
greater temperature would imply a very large conductive heat flux into the solid that
could not be balanced since there is now no latent-heat release. As the conductive
profile develops, 7] rises until either 7} = 7, beyond which time the solid melts
(figure 6b); or if T, < T},, T, > T,, as t—> oo and there is no melting at all (figure 6a).

In order to carry out a quantitative analysis, we assume that

H=h{T_-T,), (3.1)

where h (the heat-transfer coefficient) is a constant, in line with the standard
formulation for turbulent flows over solid boundaries (Savino & Siegel 1969 and
Holman 1976). The governing equations can then be obtained from (2.2)~(2.5) by
setting @ = 0 and T; = T} with H given by (3.1).

Introducing the non-dimensional variables

T'=T+Tn-T0)¢, Ti=T+To—1)¥; (3.2a, b)
k 1 &

x= &zg, =i (3.2¢, d)

where a=(T,—T.)/T.—T,, (3.3)
with —1 < a < o0, we can express the problem as

Y, =g (£>0), (3.4)

v=v;, a=y¢i—1—a ({=0, 0<o,,), (3.5a, b)

y—->0 ({~>o), (3.6)

Y=0 (c=0, {>0), (3.7)

where o, is the value of o for which ¥; = 1; alternatively it is the non-dimensional
time at which T} = T, and melting commences. If 7., < T}, or & < 0, that time never
occurs. Equation (3.5b) expresses the heat flux from the fluid as a function of the
{unknown) temperature at the interface. The standard solution for a semi-infinite
solid subject to a prescribed heat flux at the boundary (Carslaw & Jaeger 1959, p. 76)
then leads to the integral equation -

¥i(o) = —— ! [1+a Y (A)] (e —A)2dA (3.8a)
2OLTC Jo
L () (e=2) HdA. (3.86)
am: 20511:

Taking the Laplace transform of both sides of (3.8b4), using the convolution
theorem and denoting the Laplace transform of (o) by ¥(p), we obtain

1+a
Yp) = ——--—v, 3.9
(») o1+ 2aph) (3.9)

the inverse of which is

V(o) = (14 a)[1 —exp (2o 20) erfe (la~0?)]. (3.10)
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FiGURE 6. A sketch of the distribution of temperatures with 7, < T;. In case (a) T,, < T, and the
initially solid half-space can never melt, while in case (b) T, < T, and it will melt.
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Fieure 7. The non-dimensional time at which melting of the solid commences, for T, < 7} < 7,,.

The value of o, can then be determined from the numerical solution of
exp (Yo 20)erfe ba o) = (1+a71) 7, (3.11)

the result of which is presented in figure 7. Note that although o, is finite as
a—0, the corresponding dimensional time ¢, is infinite, because from (3.24d)
tmert O &~ 20 ey Physically, for « = 0, as ¢ increases, T, >7), in such a way that
H — 0 sufficiently rapidly that the time taken for 7} to equal T}, is infinite. For « < 0,
O mer DS N0 meaning, as has already been explained.

From the relationship (3.10) for i, the solution for ¥({, o) can be obtained by
inserting (3.10) into formula (9) of §2.9, Chapter 11, of Carslaw & Jaeger (1959) and
carrying out the integration to yield

V(¢ o) = (1 +a)[erfe ((o %) —exp [ ¢ +La 2] erfe (o +1ato%)].  (3.12)

For o > o, T} = T, and melting of the solid occurs. Equations (3.5) and (3.7) are
then replaced by )

=1, 48y =1+¢, (£=7(9), (3.13a,b)

lﬁ = y¥(¢, Tmert) (T = Operss {>0), (3.14)

where 7(0) and S are as in (2.6d) and (2.7) with 7}, replacing T; and ¥(§, o) I8
determined from (3.12). The system (3.4), (3.6), (3.13) and (3.14) can then be
integrated numerically by using the Landau transformation (2.15) and the numerical
scheme discussed in Appendix B. Some typical results are shown in figure 8. The plots
indicate that the non-dimensional melt rate approaches a constant value,
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Ficure 8. The non-dimensional position of the interface between the turbulent flow and the solid,
7, as a function of the non-dimensional time, o, for Stefan numbers § = 0.1, 1 and 10 and a =
(T,—T)/(T,—T) =02, 1and 5, for T < Ty < T, <T,.

independent of a, fairly quickly in a timescale that is an increasing function of 8. This
is because a appears only in the initial condition (3.14) and the derivative term, %,
in (3.135) is premultiplied by 8.

4. Freezing temperature greater than initial temperature of solid but less
than melting temperature

In this case, for which 7, < T} < T}, and which is sketched in figure 9, the fluid
again first freezes and forms a chill. After a time, the chill reaches a maximum
thickness and then melts until the initial solid surface is recovered. The interfacial
temperature, T}, subsequently increases. If T, < T (figure 9b) 7 attains the value of
T, in finite time and thereafter the solid melts continually. If 7, < T, (figure 9a)
T;—-T, as t—> co and no melting occurs.

The governing equations are (2.2), (2.4), (2.5) in addition to

for 0<t<ty: T=T, and pLa=H+kT, (x=af(l)), (4.1a,b)

for t,<t<t,: T=1T and O=Hf(§°°_§;1)+k§; (x=0), (4.2a,b)
o If

Tco_Tm
Too_ﬂ

for t,<t: T=1T, and pla= Hf( )+ka (x =alt)), 4.3a,b)

where t, is the time taken for the chill to melt back completely (a(t,) = 0), ¢, is
the time at which melting of the initial solid first occurs (7(¢,) =T},), and H,; =
MT,—T}). It will be convenient to introduce

which is by hypothesis constrained by —oo < f < 1. If # <0 (figure 9a) 7} never
attains the value 7)), melting does not occur and (4.3) is irrelevant.



Hot turbulent flow over a cold solid surface 303

(@ &

| 7, i
T, T,

Ficure 9. A sketch of the distribution of temperatures with T, < T, < T,. In case (a) T, < T,
and the initially solid half-space can never melt, while in case (b) T}, < T,, and it will melt.
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FicURE 10. The non-dimensional temperature at the moving interface between the turbulent flow
and the solidified chill, 8,(7), as a function of the non-dimensional time, 7, for y = (T;—1T,)/
(T,—1}) = 0.2 and § =0.1, 1 and 10, for T, < T,,. In the limit 7> 00, 6,(1) > 1+y™ ! = 6.

Introducing non-dimensional variables as in (2.6) but replacing H by H,, we obtain
(2.8), (2.10) and (2.11) in addition to

for 0<7<7,: O0=1, 489 =146, (§=1(7)), (4.5a,b)

for To<7<71: 0=0, 05—'y01+1+y=0 (£=0), (4.6a, b)

for 7,<7: O0=1+(1-p0)y, 48y = B+6; (E=(1)), (4.7a, b)

where vy=0-Ty/T.—Tp, {4.8)

which is by hypothesis positive. In this section it is convenient to consider £ and y
as the two external parameters, but it could be borne in mind that y is related to a

and £ by y=ap(1+a)—1. (4.9)

Equation (4.6) is valid until 7} equals 7}, that is, until §, = 14+(1—28)y . But
(4.6) indicates that the maximum possible value of 8, is 1 +vy~!, which is attained as
;0. This confirms that if # < 0 no further melting occurs.

No parameters appear in (2.8), (2.10) and (2.11) and so from (4.5)—(4.7) we see that
the system is described by the three parameters, 8, f and y.

If # < 0 only (4.5) and (4.8) are relevant and so the system is described by the two
parameters S and y only. Since (4.5) is identical in form to (2.9), the solution for
0 < 7 < 7, is identical to that already described in §2 and is independent of y. For
7, < 7 both 8 and y play a role. But since no melting takes place in this range, S does
not appear in (4.6) and its value influences only the solution for 7 close to 7. This
is shown in figure 10 which plots the interfacial temperature 6,(r) for three values
of § at a fixed value of y. It is seen that as 7 increases, the curves come together.
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FicUrE 11. The non-dimensional temperature at the moving interface between the turbulent flow

and the solidified chill, 8,(r), as a function of the non-dimensional time, 7, for S = 10 and y =
(T—T)/(T,—T) =0.2, L and 5, for T,, < 7,,. In the limit 7> 00,6,(7) > 1+
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Fiaure 12. The non-dimensional position of the interface between the turbulent flow and the solid,
7, as a function of the non-dimensional time, 7, for § = 0.1 (..... ), I(-——=) and 10 (——) and y =
(T—Ty/(T,~T) =02, 1and 5, for Ty < T, < T, <T,.

Figure 11 plots 6,(r) for larger values of 7 for three values of y with § = 10, but,
except near 7 = 7,, the curves would take the same form for all S.

If 0 < £ < 1 the solution is determined by all three parameters. The solution for
0 € 7 < 7,, which is dependent only on S, has already been described. Forr, <7 <7,
the solution is dependent mainly on y and to some extent on §, as already
discussed, with the value of # being relevant only in the determination of 7,. Curves
for the interfacial temperature in this range are hence identical to those plotted in
figure 11 except that for 7, < 7, 6, remains constant at 1+ (1—f)y~'. Figure 12 plots
n(r) for three different values of both § and y for § = 0.8. The portions for 7 < 7, are
independent of y, as already described, and identical to the plots for figure 3. For
To <7 < 7,9 = 0. It can be seen from the figure that 7, increases as either § increases
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or as ¥ decreases; and also, from the above discussion, as # decreases. For 7, < 7 each
of §, # and vy play a role in the solution as can be seen from the figure and (4.7). The
large-time asymptotic solution can be obtained, in a manner identical to that leading

o (2.20) and (2.21), as
O(z) =[1+ (1 =) vy exp (—4Vz), (4.10)

: B

th V= . 4.11
s +8+1-Ay ] (&11)

For p=1,T, =T, and 1, = 7,. Equation (4.6) is then inoperative and (4.5) and
(4.7) are identical to each other and to (2.7). The system reverts exactly to that
considered in §2.

5. Melting temperature less than freezing temperature

This case, for which (T, <)T,, < T}(< T,,) and which is sketched in figure 13, can
be divided into two sub-cases depending on the value of S and

0 = (Tn—To)/(I;—T) = [1+afHB—-1)]". (5.1a, b)

The first sub-case occurs only for § > 0.5 and sufficiently small 8, as sketched in
figure 14. In this sub-case, the fluid initially forms a chill, as before. The temperature
at the chill/solid interface is initially less than the melting temperature of the solid
but gradually rises to it. Only then can melting of the original solid occur and the
melting is postulated to take place underneath the solid chill. With time, the chill
melts, as before. At this point we assume that the trapped fluid is instantaneously
‘blown-off’, or ablated, and melting of the solid half-space, now in contact with the
turbulent flow, continues. An important assumption of this model is that the chill
that is formed is sufficiently rigid to lie on a fluid layer while withstanding the
buffeting from the turbulent flow above it. Depending on the material properties of
the chill, this may not be possible. Another extreme is that the chill spontaneously
breaks down on formation and is swept into the turbulent flow. There are also other
possibilities, all of which might make interesting situations to analyse at some future
date.

In the second sub-case, the original solid melts as soon as the turbulent flow is
initiated and the chill forms. There are, for a time, two interfaces at which a phase
change is occurring: one penetrates the turbulent flow while the other, beneath it,
penetrates the original solid. The subsequent evolution of the system is qualitatively
identical to that already described for the first sub-case.

The division between the two sub-cases occurs when the temperature at £ = 0 and
7= 0+ equals 7,,,. With the notation of Appendix A, the former is given by T,+
Ag(T;—1T,). Thus the dividing curve is given by & = (7, — T})/ (T} — 1) = 4,, plotted
in figure 14, and the first sub-case occurs in the region to the left of the curve.

Mathematically, the system is described in terms of the non-dimensionalization
(2.6) and the representations #y(r) and #.(r) for the upper and lower interfaces,
respectively, as

0, =30 (E>ny(r) for 0<7<7, and £>ny(r) for 7,<7), (5.2)
for 0<7<7y: O=1 and 48y =1+6; (£=9u(1), (6.3a, b)
(5.4a, b)

(5.5a, b)

for 7,<7<7y: 6=0 and 48y, =64, ~0]_ (£=n.(7),
for 7o,<7: #=48 and 48y, = f+6; (£=n.l7),
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Ficurg 13. A sketch of the distribution of temperatures with 7, < 7.
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FicURE 14. The curve of & = (T, — T,)/ (T, —T,) as a function of the Stefan number § which separates
the regions in which the initial solid melts immediately (on the right) from that in which some
time elapses after the initiation of the turbulent flow before melting commences (on the left) for
T,<T, <T<T,.

in addition to the initial and far-field conditions (2.10) and (2.11), where in the second
sub-case 7, = 0.

Because there are now two unknown, moving boundaries, the numerical solution
of (2.10), (2.11) and (5.2)~(5.4) has to be approached in a slightly different manner
than for the previous calculations. We introduce a new coordinate

y = [E=1u(D]/[1L(T) = 7u(7)], (5.6)

so that for 7, < 7 < 7, the region between the moving interfaces is mapped onto
(0, 1). In terms of y the system becomes

6, = (o (7) +y[iL(r) = do (B [9L(1) — 76T 70, +2l0(T) — 1u(T)] 20y, (5.7)
6 =1, 489y = 1+[n,(1)—9u(1)]0, (y=0) (5.8)
for 7,<t<7: 0=0, 48 [T =] =06,l,—0,l- (y=1), (59)

together with the appropriate initial and far-field conditions. This system can then
be integrated numerically in a quite straightforward way using the same techniques
as those discussed in Appendix B.

If 7, = 0 (the second sub-case), there is a singularity in both »y and 5 at 7 = 0.
Thus an analytical solution to the equations must be obtained which is valid for
small 7 and can be used as an initial input to the numerical scheme. The procedure
that obtains a power-series representation in 7% is explained in Appendix D. Similar
expansions have been obtained by Tao (1978).

It might be anticipated that the first two terms in the power-series representations
of y(7) and #, (1) for large 8 would yield a useful approximation, just as in §2. These
cannot be obtained directly, by the procedure of determining the solution of an
appropriately linearized system, as in §2, because then both the different boundary
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Fiaure 15. The non-dimensional interfaces between the turbulent flow, chill, melt and original
solid for 8§ =1, f =3 and § =0.75, for T, < T, < T, < T, with the same designation as in figure 1
with the addition of F2 as the unmelted orlglnal sohd

conditions (5.3) and (5.4) would have to be satisfied at the same point £ =0.
Nevertheless they can be obtained from the expansion, as outlined in Appendix D.

The results are
Nty & =11 — 8 T/S +2(1/8) (5.10)

and nu(1) & M1 —8) (1/8)i +&(7/8). (6.11)

Two 1mportant points emerge on comparing (5.10) and (2.13). First, the leading
term in (5.10) is of order 872 (in contrast with order §7! for the corresponding term
in (2.13)). This reflects the fact that the melting, lower interface absorbs latent heat
which must be balanced by an increased rate of freezing at the upper interface.
Secondly, the expansion appears actually to be in powers of (7/8) and hence will not
yield useful results concerning the minima of 7(7) or the value of 7,. All useful results
follow from numerical integration. We shall commence by discussing the first sub-
case, then the second before presenting a graph which connects the two. We end this

section with a description of a simple laboratory experiment demonstrating that
simultaneous freezing and melting can occur.

5.1. The first sub-case (A, <T,)

A typical solution for § =1, § =4 and 0 = 0.75 is plotted in figure 15, along with
special shading to highlight the different phases. For 7 < 7, the solution is exactly as
described in §2. At 7 =71, melting of the initial solid commences at §=0. The
extraction of latent heat at the lower boundary slows down the tendency for the chill
to melt. Consequently there is a discontinuous decrease of 7y(r) at 7 = 7, and the
value of 7, is increased over that presented in figure 5. With increasing §, 7, increases
monotonically owing to the increasing amount of latent heat absorbed at the lower
interface (see figure 16). There is in addition an increase of 7, as § decreases, as is
indicated on the figure also. The temperature profile in the melted phase decreases
downwards and hence is stable. Indeed, the thermal timescale for conduction over
the distance (y,—7y) is so much less than (7,—7,) that to a good degree of
approximation the temperature profile in 9 < £ < 7y, is a straight line joining the
boundary temperatures 1 and 4.

At 7, the chill ha» completely melted and we assume that the melt layer that was
trapped until this time is instantaneously ‘blown-off’, or ablated, and mixes with the
overriding turbulent flow. The lower interface experiences a larger heat flux,
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FiaurE 16. The non-dimensional times at which melting of the original solid commences, 7,, and
melting of the chill is completed, 7,, as a function of 6 for § = 0.1 (...), 1 (-——-), and 10 (——), for
T, <T, <T, <T,. Note that 0.17 and 0.17, are plotted for § = 10.
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Ficure 17. The non-dimensional interfaces between turbulent flow, chill, melt and original solid for
B=10and8=0.1;f=25and §=04;F=%and 6 =0.75;and # =L and 6§ = 0.9 and § =, for
To< T, <T,<T,.

according to the lower melting temperature, and begins to melt more rapidly at a
rate that is an increasing function of 8. The final rate of melting can be obtained by
comparing (4.7), (4.10) and (5.5) to yield

_ B
V=615 (5.12)

5.2. The second sub-case (A, > Ty,)

In this case melting of the initial solid occurs immediately, while a chill is formed
above the resultant stable melt layer. The melting at the lower interface increases the
time taken for the chill to melt and this increase is quite considerable for large values
of 8, as shown in figure 16. Two typical solutions, both for S =1, with =10,
8=0.1and f =25, § = 04, are plotted in figure 17 along with two solutions of the
first sub-case, again with § = 1, but with # =4, 6=0.75and =%, 6 =0.9.
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Molten wax /

Fioure 18. A photograph of the laboratory experiment in which hot, molten wax was poured over
solid Na,CO, of eutectic composition. The wax chilled at the same time as the solid Na,CO,
melted.

5.3. Experimental investigation

It is of interest to examine experimentally the concept that a hot flow can solidify
while the cold solid beneath it melts. Accordingly, with my graduate research
assistant, M. A. Hallworth, I conducted the following simple experiment. A Perspex
container 5x 15x25 em high was half-filled with a lightly blue-dyed, eutectic
composition of aqueous sodium carbonate (Na,CO,), which has a freezing temperature
of —2.1 °C and a liquid density at that temperature of 1.06 g cm™3. The solution was
frozen overnight in a commercial freezer and reached a temperature of approximately
—15 °C. We filled the remainder of the container with molten Polyethylene glycol
600 (PEG), which has a commercially quoted melting range of 20-25 °C and a density
of 1.12 g cm™ just above that temperature. The PEG was only a few degrees above
25 °C.

As can be seen in figure 18, the PEG did indeed form a chill, while at the same time
a eutectic Na,CO, melt layer formed beneath it. (The visual evidence was abundantly
clear and much better than the photograph.) The set-up of the experiment was not
identical to the theoretical model considered here in that there was no turbulent flow
in the fluid layer. Nevertheless it suffices to confirm the essential concept that
solidification and melting can occur simultaneously.

6. Conclusions

The main conclusion of the present calculations is that whenever a hot, turbulent
flow is confined by a solid surface, the initial response is the formation of a chill if the
freezing temperature of the fluid exceeds the initial temperature of the solid. If,
further, the turbulent flow is sufficiently deep, as is the case assumed herein, the chill
will melt back with time. Melting of the solid will then follow, as long as the melting
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temperature is less than that of the turbulent flow. In all our analyses, the maximum
thickness of the chill scales with

kAT, ~T,)*/prHL, (6.1)

with a premultiplicative constant which is close to unity and is determined by the
initial, freezing and melting temperatures of the fluid and solid. The corresponding

timescale is kZ(Tf—TO)z/KHz, (6.2)

although the premultiplicative constant can be quite large. (Exact values are
included in the figures.) Subsequent melting of the original solid can be quite
accurately quantified by neglecting all this initial response and using the steady-
state solution (2.20) and (2.21) and their equivalents.

Using typical values of the parameters as reported in Huppert et al. (1984) to
describe the Archaen lava flows discussed in the Introduction, we find that the
chilled margin grows to a thickness less than 1 em. This is very much less than the
thickness of the lava flows, which are believed to have been between 0.5 and 10 m.
The calculated timescale for the formation and subsequent remelting of the chilled
margin is of the order of 30 s. This is very much less than the typical flow time of the
lavas, whieh is believed to have been days or possibly even weeks. This justifies the
use of the long-time solutions (2.20) and (2.21) in the geological context.

While this work has been directed explicitly towards the passive convection of
heat by forced turbulent streams, the ideas carry over to thermally or com-
positionally driven turbulent convective flows. The heat-transfer relationship in the
general form (2.1) will still be valid, but the linear form (3.1), which we used in some
of the calculations, will not. It may need to be replaced by the four-thirds

relationship (Turner 1973) .

as was done in Huppert & Sparks (1988). Carrying out the above calculations for this
nonlinear heat-transfer relationship would be relatively straightforward, but would
involve more numerical computation.

It would be particularly interesting from a general fluid-mechanical point of view,
and also geologically relevant, to extend the analysis to consider the turbulent flow
to be of finite extent and to cool down as the chill is formed and possibly melts back.
An interesting question to ask then is what are the conditions for which the turbulent
flow does not contain sufficient thermal energy to permit the original solid to be
melted. Under even more stringent conditions, the chill itself will not be melted, but
will continue to grow and engulf the flow.

It would also be of interest to investigate the effects of a melting and freezing
temperature range, rather than assuming, as was done herein, that melting and
freezing take place at a fixed temperature. Of more mathematical concern, the
calculations could be extended to investigate the effects of unequal fluid and solid
properties, such as latent and specific heats.

I have benefitted from a number of stimulating conversations with Steve Sparks,
who has awaited the appearance of this paper with feelings which have alternated
between patience and exasperation since early 1985 when I first told him of the
results presented in §2. I am grateful to Joyce Wheeler, who carefully carried out all
the numerical calculations reported here and prepared some of the graphs for
publication, and to Mark Hallworth, who helped me with the experiment and also
prepared some graphs for publication. A discussion with Grae Worster about
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numerical techniques was helpful, as was one with John Ockendon, who directed me
to some of the references cited herein. Useful comments were made on an earlier draft
by P. M. Bruce, D. T. Leighton, R. 8. J. Sparks, A. W. Woods and M. G. Worster,
to whom I am grateful. My research is supported generously by a grant from the BP
Venture Research Unit.

Appendix A. The series solution

One method of solution of (2.8)—(2.11) is to use the embedding technique (Crank
1984) which expresses the solution of the differential equation and some of the
boundary conditions in terms of (the unknown) 6(0,7) and then closes the system by
determining the value of 8(0,7) to satisfy the remaining boundary condition(s). In
Appendix C we express this solution in terms of an integral representation and use
it to determine the solution for large 7. However, as explained there, the
representation is invalid when 7 is negative, that is for 7 < 7, and hence cannot be
used to start the solution from 7 = 0. To do this we express 6(0,7) as a power series
in 71 in the form © .
60,7 = X 0, 17", (A1)

n=0
Equations (2.8), (2.10) and (2.11) are then satisfied by (Carslaw & Jaeger 1959,
p- 63) w
08, 7)= T 0, Gn+1)@dr)irerfe (£/1%), (A 2)

n=0
where i"erfe (x) are the repeated integrals of the error function (Abramovitz &
Stegun 1964). Inserting (A 2) into (2.9), we obtain the nonlinear differential
equation

487 =1— Z A, TV erfe (1) /1) (A 3)
n=0

subject to the constraint

E A, T erfe [y(r) /7] = 1, (A 4)
n=0

where we have written 4, in place of 2"I'3n+1)68,. Equations (A 3) and (A 4) can
now be solved formally by inserting the expression

)= T Gy ™" (A 5)
n=1
into them and equating like terms in 7 one-by-one.
The lowest-order equations are

miSh, + Ay exp (—75) = 0 (4 6)
and Agerfe(n,) =1, (A7)
which indicate that 7, satisfies

1
70 €XP (1) exfe (7)) = — 7. (A8)

Relationships of the form (A 8) occur frequently in conductive problems involving
phase changes and its solution is presented (graphically) in Carslaw & Jaeger (1959,
figure 38). The equations giving 4, and #, for n = 0-7 are presented in a document
held in the Journal of Fluid Mechanics office and obtainable from there on
request.
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Ficure 19. Curves of (a) 4, and (b) #, for n = 0 to 7 as functions of S.

Figure 19 presents plots of 4, and #,, (n = 0-7) as functions of 8. It is seen that for
8 greater than about 1, the 4, and #,, decay quite rapidly with increasing n, which
suggests that for S greater than 1, the series representations (A 2) and (A 5) are quite
rapidly convergent. For 8 much less than 1, on the other hand, both 4, and 7,
become very badly behaved functions of ».

It might be thought that a useful representation for »(r) could be obtained by
using Padé approximates. Since 5 beeomes linear in 7 for large 7. as indicated in (2.21)
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FicurE 20. Curves of the Padé approximates 7,;, 7,, and 7,, as a function of 7 for (a) § = 0.01
and (b) 0.1. The thickened curves are the numerical solutions.

and demonstrated in Appendix C, an apparently sensible series of representations
can be written as

N m+1 1
7707'5(1+ > P,,'rf")

n=1

77m+1,'rrL(T) = ( (A 9)

1+ 3 Qnﬁ”)

n=1
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where the B, and C,, are determined by equating the 2m+ 1 terms of lowest order in
(A 5) and (A 9) in the usual way. The results of such a procedure are contained in the
document obtainable from the Journal of Fluid Mechanics office. For largish values
of § even a low-order Padé€ approximate gives good agreement with the numerical
solution. In contrast, figure 20 presents plots of , ,(7), 75 () and 9, 4(7) for S = 0.01
and 0.1 as well as the numerical solutions. The comparisons are not very encouraging.

We conclude that the series representation is suitable for use at small 7 to initiate
the numerical scheme but, especially for small S, it cannot be used to evaluate 5(r)
evenup tor=r

min-*
Appendix B. The numerical scheme, its convergence and stability
B.1. The numerical scheme

The system (2.16)—(2.19) was solved numerically using the following finite-difference
scheme. With grid points along the z-axis at z=ph(p = 0,1, ..., P) and along the 7-
axisat 7 =¢k(qg=0,1,...), we can determine the relationship for f(p,q+1) in terms
of B(p—1,q), 6(p,q) and O(p+1,q) from (2.16) as

1
O(p.g+1)=0(p,9)=5

2

(5ot +1.0-0p-1.0)

+i(;&]%>[0(p+1,q)—20(p,q)+0(p—1,q)], p=12,...,P—1), (B1)

where Vig) = 7(qk). (B 2)

Equation (2.17a) requires that
0(0,g+1) =1 (B3)

and (2.17b) requires V to be updated by
1[-11 2
48V(g+1) = 1+% T+60(1,q)——30(2,q)+§0(3,q) . (B4)
Possibly the simplest way of incorporating (2.18) is to require
g(P,qg) =0 forall gq. (B 5)

The integration can then be started by using the power-series representations
(A 2) and (A 5) at a suitable value of ¢.

B.2. Convergence

A g-independent solution of (B 1)—(B 5), which reflects the time-independent solution
(2.20) and (2.21), satisfies

1k 1kV 1k 1k 1kV
(G743 7)ozt (3773 ) =0 wY

where we have written 6, for 6(p,q) and V is the constant, steady-state value of 4.
The solution of (B 6) which satisfies (B 3) is

(B7)

—_ D
0p=(1+K)(1 2’”7) _K,

1+2AV
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where K is a constant. Ideally, K =0 so that 6,0 as p—>o0. However, (B5)

requires
(1—2hV)P
1420V
1_(1 +2hV)
. _ (1=4a})*
Since 2hV <1, K~————————1_(1_4hv)P. (B9)

Thus K €1 if 4hVP > 1.
It would seem reasonable to think that convergence could be accelerated by
altering (B 5) to either

_(1=20V (@Y _(1—2hVYP
G(P, Q) = (H‘T}LV(Q)) or 0(P, q) = (1+2hV) , (B 10(1, b)

thereby ensuring that K =0 in the steady state. Trial calculations using both
procedures were conducted. Neither alteration was useful. In the first, V(g) is quite
small for small g and so a value of 6 close to 1 was imposed at large P. In the second,
the final value of # at P was imposed too quickly and the solution for low values of
¢q did not agree well with those obtained by using the correct condition (B 5).
Finally, setting K = 0 in (B 7) and substituting the results into (B 4), we obtain

1

in agreement with (2.21).

B.3. Stability

Equation (2.16) and its numerical equivalent (B 1) is nonlinear through the product
of ¥V and 6. This makes analysis of the stability of the numerical scheme difficult,
though some results have been obtained by Griffiths (1982). Some insight can be
obtained by setting V(g) to a constant, say ¥". Because the numerical solutions
plotted in figures 3, 8, 12, 15 and 17 indicate that %, or ¥, becomes constant after
some time and the next Appendix proves this is so in the limit 7 > o0, the results
obtained by holding V constant are of definite interest and applicability. Analyses for
this case are discussed in Mitchell & Griffiths (1980) and Griffiths, Christie & Mitchell
(1980).

Appendix C. The solution for r > 1

The solution for large 7 can be obtained by first expressing the solution of
(2.8)—(2.11) in an integral representation. Using the embedding technique (Crank
1984) and the integral representation derived in Carslaw & Jaeger (1959, p. 62) for
conduction in a semi-infinite solid under a prescribed surface temperature, we can
write the solution of (2.8), (2.10) and (2.11) as

o€ =5 [ ptr—wyurtoxp (— g2/ du ©1

where (1) = 6(0, 7). (C 2)

11 FLM 198
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Inserting (C 1) into (2.94a, b), we obtain

487y = 1+;z1_lf¢(7—w) w3 w—29*(r)] exp [ —*(r)/w] dw (C3)
*Jo

subject to 7(T) f¢(1——w) wiexp [—y(r)/w]dw = 7k, (C4)

For 7 » 1,9(r) becomes large and we would anticipate that the integrals in (C 3) and
(C4) can be approximated by using standard techniques for the asymptotic
evaluation of integrals containing rapidly varying functions (see Murray 1974 and
references therein). The dominant contribution in the limit of 7 — oo could come from
the neighbourhood of either (i) w = 0; (ii) w = 7; (iii) some point between 0 and 7; (iv)
a combination of these, though this is generically unlikely ; or (v) almost equally from
the whole range [0, 7]. The initial conditions play a role only if ¢(0) appears in the
results, that is only if there is a contribution in the limit of 7— oo from the
neighbourhood of w = 7.

(i) Under the assumption that only the neighbourhood of w = 0 contributes to
(C 4), it can be written ag

w-by(r) $(r) f "wtexp [ — ()] dw ~ 1 (C 5a)
= ¢(r) erfe (1) /7] (C 5b)
7 §(7)

~ ——exp[—7%()/1] (1—>0), (Cb¢c
) P )7} )
where (C 5b) follows from the left-hand side of (C 5a) by the integral definition of
erfe (x), and (C 5¢) is the asymptotic expansion of (C 5b) on the assumption that
9(1)/71 > 00 as 7 00. Similarly, (C 3) can be written

485 ~ 1+ 3p(T) f w3 w—29%(1)] exp [ —y2(r)/w] dw (C 6a)
0
= 122 exp (2] (C 6b)
(n7)?
~1=29(t)/T (7> 00), (C 6c)
where (C 6¢), which follows from (C 65) upon substitution of (C 5¢), has solution

-7 ~1/(28)
(1) 4S+2+OT (C7a)
ST (1> 00) (C 7b)

4S+y T

where C' is an arbitrary constant of integration.
While (C 7b) is tantalizingly close to (2.21), it is neither close enough nor correct.
Equations (C 5) and (C 7b) imply

1
T2

(1) ~ 4S+2T%exp[—r/(4s+2)2]. (C 8)




Hot turbulent flow over a cold solid surface 317

The insertion of (C 7b) and (C 8) into (C 4) leads to the integrand
(T—w)iwitexp[(w—7—7%w")/(45+2)%,

the exponential part of which is an tncreasing function of w. This is inconsistent with
the original assumption that the dominant contribution comes from the neigh-
bourhood of w = 0.

(ii) A similar analysis proves that the dominant contribution cannot come from
w=r.

(iii) If the dominant contribution to (C3) and (C4) comes from an interior
point, the position of the interior point and the form of the contribution will depend
critically on the nature of ¢(7). I hence think it not possible to analyse the situation
without assuming some part of the answer at the outset. A consistency proof seems
the best one can obtain.

In this spirit, we note that (2.21) indicates that

p—>3/(1+8) (71— 00), (C9)
which when inserted into (2.15) and (2.20) suggests that

P(7) = 6(0,0) > exp [§7/(1+8)%]. (C 104, b)
Thus @(r—w)exp [ —7*(1)/w] > exp {~{{w—37)*/[w(1+8)*]}. (C11)

The integrands in (C 3) and (C 4) are hence exponentially largest at the interior point
w = 31. The left-hand side of (C 4) can thus be written as

7(7) f1 w_%exp {—Hw—1)?/[w(1+8)*} dw

0

o0

~ 7(7) (%T)-gf exp{—gu*/[r(1+8)"]} du (C12)

—®

= 4mi(1 +8) y(7)/7. (C 13)

Inserting (C 13) into (C 4), we obtain (C 9), as required. In a similar fashion (C 3) can
be shown to be satisfied by (C 9) and (C 10). This also indicates that the possibilities
(iv) and (v) outlined above do not occur. Finally, it is worth remarking that it is not
possible to use (C 3) and (C 4) to solve the problem for all 7 > 0. This is because the
integral representation (C 1) is only valid for £ > 0, though this is not stated, or
needed, by Carslaw & Jaeger (1959).

Appendix D. The initial solution for 7,, < 7} with 7, =0

A representation as a power series in 7% for the solution of (2.10), (2.11), (5.2)—(5.4)
can be obtained by using the concepts, rather than the formality, of the embedding
technique. This suggests that the solution will be of the form

BET) = B 7B, i"erfo (£/7+ 0, exfe (= E/H] [pu(r) <E<mm] (D)

D, i"erfe (/1)  [ny() < €], (D 2)

0

Il
L

-2
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where the B, U, and D, are determined from

8

T%"[Bn 1" erfc (’)]U/T%) +C, " erfc(—nU/‘ré)] =1, (D 3)
0

n

¥ D[R, " erfe (/78 —C, " Yerfe (— gy /8] = 1 — 4S84, (D 4)

n=0
Y 7B, i"erfc (3, /78) +C, i" erfc (— 9/ =9, (D 5)
n=0
> 'r%”Dn 1" erfe (’)?L/T%) =4, (D 6)
n=0
> 'r%("‘l)[Dn i*lerfe (ﬂL/T%) — B, i" Yerfc (— ﬂL/T%)]

n=0

+0C, " terfe (—yy /1] = —4S5,. (D7)
Inserting the expansions

7o) =T pp ™" and (1) = T q, , 7" (D 8a, b)
n=1 n=1

into (D 3)—(D 7) and equating like powers of 7, we can obtain systems of equations
for the unknown expansion coefficients. The lowest-order system is nonlinear and
given by

E,erfcp,+20, =1, E,+niSp,exp (p?) =0, (D 9a, b)

E,erfeq,+2C, =0, (D 9¢)

Dyerfcq, =8, D,—E,+niSq,exp (q2) = 0, (D 9d, e)

where E,=B,-C,. (D 10)

Equations (D 9) must be solved numerically. All the higher-order systems are linear
and the next one is given by

B, ierfc p,+ C, ierfc (—p,) —2r K, exp (— p2) p, = 0, (D 11a)
B, erfc p,—C, erfe (—p,) +4S(1 +p2) p, = 1, (D 11b)
B, ierfcq,+C, ierfc (—q,) —2nE exp (—q2)q, = O, (D 11e)
D, ierfc g, —2ntD,exp (—q2) ¢, = 0, (D 11d)
D, erfeq,— B, erfcq,+C, erfc (—gq,) +48(1+42)q, = 0. (D 11e)

Solutions to (D 9) and (D 11) were used as initial inputs to the numerical integrations.
In the limit of large S, (D 9) and (D 11) can be shown to be satisfied by

—Pp = g = (L — B} SH1+0(SH) (D 124, b)

and P =5¢, =&S [1+0(87H). (D 13a, b)
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